Abstract. Theoretical chromospheric models described in the two previous papers of this series are used to study the relationship between the chromospheric emission and the filling factor. This theoretically determined relationship shows that the chromospheric emission flux in Ca II (H+K) is approximately proportional to the square root of the magnetic filling factor at the stellar surface. To relate the filling factor to stellar rotation rate, we compare the theoretical fluxes with observations of stars with known rotation period. The comparison shows that the Rossby number is probably a more appropriate measure of the rotation influence on activity of main-sequence stars than the rotation period. Our theoretical Mg II (h+k) and Ca II (H+K) emission fluxes are also found to be well correlated, which is in a good agreement with the observational data.
Introduction
It has been known for a long time that the chromospheric activity of cool dwarfs is closely correlated with their stellar rotation rate (e.g., Wilson 1968; Noyes et al. 1984; Stȩpień 1989; Strassmeier et al. 1994) . Analysis of the X-ray stellar coronal emission has demonstrated that this emission also strongly depends on rotation (e.g., Walter 1982; Stȩpień 1994; Hempelmann et al. 1995) . Thus, there is a clear observational evidence that rapidly rotating stars show high levels of chromospheric-coronal activity and that the level of this activity strongly decreases with decreasing stellar rotation rate. The activity-rotation relation is color-dependent Noyes et al. 1984; Stȩpień 1989 Stȩpień , 1993 . On the other hand, it is known that the rotation rate of dwarfs depends on their age (Kraft 1967; Skumanich 1972; Baliunas et al. 1995) in a sense that the older the star, the longer is its rotation period. As a result, the activity levels of old, solarlike, stars are considerably lower than those of young stars (Skumanich 1972; Soderblom 1985; Soderblom et al. 1991; Maggio et al. 1987; Güdel et al. 1997) .
According to the commonly accepted scenario, the relationship between activity and rotation can be explained by the fact that stellar surface magnetic fields are generated near the bottom of stellar convection zones as a Send offprint requests to: P. Ulmschneider, e-mail: ulmschneider@ita.uni-heidelberg.de result of the dynamo mechanism (Parker 1979) . Simple considerations predict that the efficiency of dynamo scales with τ Ω, where τ is the turnover time in the layers where the dynamo is operating, and Ω is the angular velocity of these layers (Durney & Latour 1978; Gray 1982) . The turnover time is directly related to the properties of the convection zone, hence it depends on the color of the star. The observations show indeed that the chromospheric and coronal fluxes are tightly correlated with the Rossby number, defined as Ro = P rot /τ , where P rot is the observed (surface) rotation period. The turnover time can be determined either from theoretical models of stellar convection zone (Gilman 1980; Gilliland 1985; Rucinski & VandenBerg 1986) or from observations Stȩpień 1989 Stȩpień , 1994 Saar 1998) .
The generated magnetic fields, which emerge at stellar photospheres, interact with turbulent motions in the uppermost layers of stellar convection zones giving rise to magnetic activity. In particular, the strength of the fields and their geometry directly influence the heating rates of chromospheres and coronae. Hot coronae evaporate into space and the resulting stellar winds carry with them the frozen-in magnetic fields. The winds also carry away angular moment which brakes the stellar rotation. Stars are born as fast rotators (Soderblom et al. 1991; Stauffer 1994) with a very high level of activity and intense angular momentum loss rate. But when stars age and spin down, the efficiency of their dynamos diminishes and this results in a decrease of the magnetic activity. Therefore, old stars have long rotation periods and minimum activity levels.
While this general scenario appears to be correct, many details are still poorly known and need a thorough investigation. One of these involves the process of chromospheric heating and its dependence on the amount of the magnetic flux present at the photospheric level. In the first two papers of this series (Fawzy et al. 2002a,b, henceforth called Papers I, II; see also Ulmschneider et al. 2001a) , we have calculated theoretical chromospheric models and used these models to compute the emerging radiative fluxes. Our approach is based solely on first principles and only the basic stellar parameters, namely, effective temperature T eff , gravity g and chemical composition Z M (solar abundances), are specified. The only free parameter in these calculations is the filling factor f describing the fraction of the stellar surface covered by magnetic fields.
The results presented in Papers I and II show that the calculated Ca II H+K emission fluxes agree well with the observations of stars with spectral types ranging from F to M, both in absolute values, in the T eff -dependence, and in the range of variation. In case of the Mg II h+k emission, the absolute values of the theoretical fluxes agree well with the observational data, including the T eff -dependence and their lower limit, which corresponds in our models to pure acoustic heating. Yet the upper limit obtained from our Mg II calculations is persistently lower than the observations. This is a clear indication that additional heating processes, not included in our wave models (for example, the direct dissipation of magnetic fields in the most active stars) take place in the high chromosphere, where Mg II lines are formed.
In this paper, we used our theoretical chromosphere models to determine the dependence of the theoretical Ca II and Mg II emission fluxes on the filling factor. In an attempt to relate the filling factor to the rotation rate, we also compare the theoretical fluxes with observations of stars with known rotation period. Finally, the theoretical flux-flux relation is compared to the one established observationally and the resulting differences are discussed. Our theoretical approach is briefly described in Sect. 2 while Sect. 3 is devoted to the observational data. Our main results are presented and discussed in Sect. 4 and conclusions are given in Sect. 5.
Theoretical chromosphere models
Our theoretical, time-dependent and two-component chromospheric models take into account non-magnetic regions (heated by acoustic waves) and magnetic flux tubes (assumed uniformly distributed and heated by longitudinal tube waves). The coverage of the stellar surface by magnetic fields, specified by the surface area filling factor f is a free parameter in these calculations. The initial wave energy fluxes are input parameters for the models and they are calculated by using the LighthillStein theory (Lighthill 1952; Stein 1967) for the generation of acoustic waves in stellar convection zones (Musielak et al. 1994; Ulmschneider et al. 1996 ) and a numerical method for the generation magnetic waves in stellar atmospheres (Ulmschneider et al. 2001b) . To account for the energy carried by transverse tube waves (Huang et al. 1995; Musielak & Ulmschneider 2001 , 2002 , the longitudinal wave fluxes are increased by a factor M , where for a realistic contribution we take M = 5. The acoustic, F A , and longitudinal, F L , wave energy fluxes and the wave periods P A and P L , corresponding to the maximum wave energy fluxes carried by these waves, used in our calculations are given in Tables 1 and 2 of Paper I.
A time-dependent magneto-hydrodynamic code based on the method of characteristics is used to compute the propagation of both acoustic waves in a plane-parallel atmosphere (e.g. Ulmschneider et al. 1977; Buchholz et al. 1998 ) and longitudinal waves along the magnetic flux tubes (e.g. Herbold et al. 1985) . In these wave computations we consider radiative losses (see Paper I) by the H − continuum and the Mg II, Ca II and Fe II emission lines and solve the appropriate radiative transfer equations together with the statistical equilibrium equations for NLTE populations (Ulmschneider 1994; Hünerth & Ulmschneider 1995) .
The time-dependent energy balance between the wave dissipation by shocks and the emitted radiative losses determines the local values of temperature, density and pressure in the magnetic and non-magnetic stellar atmosphere regions. After the wave computation is completed the intensities and radiation fluxes emerging from the stars covered by a flux tube forest are computed using a multiray radiative transfer code. It must be noted that earlier versions of these models have been used by Buchholz et al. (1998) to predict theoretically the level of the "basal flux" and by Cuntz et al. (1999) to study the decrease of chromospheric activity with stellar rotation for K2 V stars.
A series of theoretical chromospheric models has been calculated for late-type dwarfs with the magnetic filling factor ranging from f = 0.0, for purely acoustically heated chromospheres, to f = 0.4, for magnetically heated chromospheres which outside the flux tubes are heated by acoustic waves. As discussed in Paper II, the pure acoustically heated chromospheres give the emerging Ca II emission fluxes that agree reasonably well with the "basal flux" level of chromospheric activity. However, the models with the heating by both magnetic and acoustic waves (with f = 0.4 and M = 5) well describe the upper limit of the chromospheric activity. Figure 8 of Paper II shows the behavior of the total F H+K flux as function of color and filling factor (see also Table 1 below). Our results presented in Papers I and II give us confidence that our theoretical models describe correctly the chromospheres of solartype stars with low and moderate levels of stellar activity. Therefore, we use these models in this paper to study the relationship between the chromospheric emission and the magnetic filling factor.
Observational data

Observed magnetic filling factors
It would be most natural to compare our theoretical filling factors directly with the observed stellar magnetic fields. The observations give the strength of the magnetic field prevailing on the stellar surface B obs and the filling factor f obs (Marcy 1984; Saar 1988) . Their product gives the average surface intensity of the magnetic field, sometimes also called the unsigned magnetic surface flux. Early observations suggested that B obs is equal to the equipartition field B eq (the field with the magnetic pressure equal to the gas pressure at the photospheric level) hence it should depend only on the color of a star. This ought to leave f obs as the only parameter depending on rotation. In spite of the significant observational scatter, the results showed that f obs correlates indeed very well with rotation (Stȩpień 1991; Saar 1991; Montesinos & Jordan 1993; Jordan 1997) . The best fits were obtained assuming the exponential dependence of f obs on the Rossby number
with a ≈ −0.06 and b ≈ 0.8 (Stȩpień 1991; Montesinos & Jordan 1993 ) but a nearly equally good correlation could be obtained between B obs f obs and Ro (Montesinos & Jordan 1993; Saar 1991) . Later measurements showed that B obs depends weakly on the rotation rate for the most active stars (Saar 1996) and in some cases even two different values of B obs were obtained for one star, corresponding probably to a typical spot field and a typical plage field (Saar 1992) . It is also well known that the newer observational techniques did not get fully consistent results with the older ones (Valenti et al. 1995; Rüedi et al. 1997 ). In addition, for several late type stars with measured surface magnetic fields the chromospheric emission fluxes are not known. All this severely restricts the direct comparison of the observed and theoretical filling factors. Cuntz et al. (1998) used values of the surface magnetic field for several stars with known rotation periods, obtained by Rüedi et al. (1997) , to determine an empirical period-magnetic field relation which then was used to relate the theoretical chromospheric flux to rotation rate (Cuntz et al. 1999 ). They derived a linear relation between B obs f obs and P rot of the form
for stars with 10 ≤ P rot ≤ 40 days. Unfortunately, it is impossible to derive period-magnetic field relations for individual spectral types due to a low number of available data. There is, however, a relatively large number of stars for which rotation periods and chromospheric fluxes have been determined. A comparison of the observed emission fluxes of these stars with the theoretical values will permit us to link the rotation period to the filling factor f .
We searched the literature for single dwarfs with known rotation periods and measured chromospheric flux in Ca II and/or Mg II line cores. We have found about 80 stars with measured calcium emission flux and about 40 with magnesium emission fluxes. Our main sources of data were the papers by Stȩpień (1994) , Saar & Brandenburg (1999) and Messina et al. (2001) , with a couple of periods taken from Stȩpień & Geyer (1996) . References to original determinations of rotation periods and chromospheric fluxes can be found in the first three papers.
Ca II H+K emission fluxes
Ca II emission fluxes of stars with known rotation periods represent our primary set of observational data for comparison with those obtained from our theoretical models. Figure 1 shows the emission fluxes of the selected stars and their comparison to the upper and lower observational limits of the calcium emission as determined in Paper II. It is seen that these stars have a wide range of fluxes, representing different levels of the chromospheric activity. Unfortunately, they are not distributed evenly in color; a great majority of them have B − V < 0.9. Now, the theoretical results presented in Paper II have been obtained for stars with 6 different effective temperatures (see Table 1 in Paper II). Because of the lack of the observational data for the highest and the lowest temperature, corresponding to B − V = 0.44 and 1.40, respectively, we cannot relate the observations to the theoretical fluxes. Fortunately, there exist enough observational data for the other effective temperatures. Table 1 contains the coefficients of the linear fits of the type log F HK = a + bP rot , where F HK is the observed net calcium emission flux (see Paper II for details). The coefficients will be used to infer the relation between the rotation period and the filling factor used in theoretical computations.
The stars with known rotation periods and Mg II fluxes are distributed similarly in color (in fact, with a few exceptions they are a subset of the previous set). The coefficients are given in Table 2 . Because of the lower number of data standard errors are here larger than in Table 1 .
Results
Ca II Emission flux versus magnetic filling factor
The results of our calculations show that the magnetic filling factor strongly affects the level of Mg II h+k and Ca II H+K emission in the sense that with the increasing f the emission flux also increases (Paper II). Tables 3 and 4 give the relevant theoretical data for the calcium emission fluxes taken from Paper II. The Ca II data are also displayed in Fig. 2 . Linear fits of the form log F = a + b log f could be made to these theoretical fluxes and their coefficients are given in Table 5 .
The errors listed here refer to the internal scatter among the theoretical models. They do not include deviations of our (highly idealized) models from the actual conditions existing in real stars
. We expect such external uncertainties to be significantly larger. 
Rotation-filling factor relation
Based on the computed Ca II H+K and Mg II h+k fluxes for stars of different magnetic activities and an observed empirical relation between the emitted flux and rotation period, we estimate the filling factors of stars with different rotation periods. Because the observational data for Ca II H+K fluxes are more numerous, we expect to obtain more accurate results from their comparison with theoretical fluxes. The coefficients of the linear fits of the type log f = a + bP rot , resulting from this comparison of calcium emission flux for four different spectral types, are Table 6 . Coefficients of the theoretical linear fits log f = a + bProt and log Bf = c + bProt, for late-type stars of given color index B − V for magnetic wave fluxes with M = 5. Also shown is the magnetic field strength B (G) at the stellar surface of the flux tube models employed (see Paper I). given in Table 6 . The magnesium data give similar fits but the present data are significantly less numerous and less accurate, and because the variation of f does not represent the full spread of the chromospheric emission variability, we do not list the coefficients.
As it is seen from Fig. 2 and Table 5 , the calcium emission flux is proportional to f b , where b ≈ 0.4 for all the investigated spectral types except M0V. The solar observations indicate that b ≈ 0.6 ± 0.14 (Schrijver et al. 1989) . The stellar data give a similar value (Stȩpień 1994) . Taking into account all the uncertainties (and the fact that the formally calculated average value of the exponent for all the modeled stellar atmospheres, including the M0V star, is equal to 0.54), we conclude that the theoretical results are in a fair agreement with the observational data.
The linear fits given in Table 6 relate the (theoretical) filling factors and magnetic fluxes to the rotation period. Because the theoretical results for magnetic wave fluxes with M = 5 used in the present paper give calcium emission fluxes slightly lower than the observations (see Paper II), the terms a of the linear relations between log f and P rot , listed in Table 6 , are probably too large. Only in case of B − V = 0.44 is this term close to zero, as expected. Introducing the B values from Paper I into the relation log f = a + bP rot , we find that the resulting relation log Bf = c + bP rot is in fair agreement with the observationally established relationship given by Eq. (2), particularly if one takes into account the completely different approach adopted in deriving both formulae and the large scatter of the observational data. The coefficients b decrease with advancing spectral type which indicates that the filling factor decreases faster with the rotation period in hotter than in cooler stars. This reflects the fact that the Rossby number is a more appropriate measure of the rotation influence on activity of main sequence stars than the rotation period. 
Relation between Mg II and Ca II emission fluxes
The radiative emission fluxes originating from the different outer atmospheric layers are found to be highly correlated for the majority of cool stars as shown by many authors (e.g. Ayres et al. 1981; Oranje 1985; Rutten et al. 1991) . In all investigated cases power relations can be fitted to flux-flux relations. In case of Ca II H+K and Mg II h+k fluxes the observations indicate that the power should be close to 1 Rutten et al. 1991) . We plotted in Fig. 3 the logarithm of both fluxes for our stars. A linear fit gives log F hk = (0.95 ± 0.05) log F HK + (0.40 ± 0.30).
We conclude from Fig. 3 that the fluxes are strictly proportional to one another within the accuracy of the fit. The relation between the theoretical Mg II and Ca II emission fluxes for main sequence stars taken from Tables 3 and 4 is also displayed in Fig. 3 for different levels of magnetic activity. Here we have chosen only the cases of pure acoustic wave heating (f = 0.0, indicated by +) and of magnetic wave heating (f = 0.4, M = 5, indicated by ×). It is seen that there appears to be no major discrepancy with the observed flux-flux relation.
That there is a flux-flux relation is not surprising, because in our wave heated chromosphere models both radiative emissions emerge from the same hot post-shock regions of the dissipating waves. However, because the Mg II and Ca II emissions have different dependences on the temperature (e.g. Kalkofen et al. 1984) , with the Mg II losses more strongly concentrated to the regions of highest temperature, the deviation from the proportional flux-flux relation could give us important information about the shape of the waves. Such detailed studies must be deferred to future investigations. Nevertheless, it is rewarding to see that taking monochromatic waves for our present exploratory calculations appears to give reasonable overall agreement with the observations.
Conclusions
We have compared observed chromospheric emission fluxes in the Ca II H+K and Mg II h+k lines of late-type main sequence stars with theoretical simulations. The theoretical calculations were based completely on first principles, that is, we only specify the four independent stellar parameters: effective temperature T eff , gravity g, metal abundance Z M (we took solar-like population I abundances), and magnetic filling factor f at the stellar surface. With these four parameters, which uniquely identify a star, we constructed convection zone models and models of the magnetic flux tube forest which homogeneously covers the stellar surface. Here we assumed that the magnetic field occurs mainly in the form of thin flux tubes, which at the stellar surface have diameters equal to the local scale height. The magnetic field strength at this height is assumed to be given by a fixed fraction of the equipartition field strength, which is determined by the external gas pressure.
Theoretical wave energy spectra and fluxes of acoustic and longitudinal tube waves as well as wave periods have been computed. To take into account the amount of energy carried by transverse waves, we increased the longitudinal wave fluxes by a factor M , where for a realistic contribution we take M = 5. These waves were allowed to propagate in the two-component outer atmosphere model and dissipate their energy by forming shock waves. With a multi-ray transfer code, we have simulated line profiles of the Ca II H+K and Mg II h+k lines emerging from the two-dimensional tube forest and have compared them with observations. A number of interesting conclusions resulting from this comparison have been given in Papers I and II.
In this paper, we used our theoretical chromosphere models to determine the dependence of the theoretical Ca II and Mg II emission fluxes on the filling factor. In an attempt to relate the filling factor to the rotation rate, we also compare the theoretical fluxes with observations of stars with known rotation period. In addition, the theoretical flux-flux relation is compared to the one established observationally. The obtained results lead to the following conclusions:
1. The theoretical relation between the magnetic filling factor and the chromospheric emission flux predicts that the emission flux is approximately proportional to the square root of the filling factor. The predicted relation is in a fair agreement with observations. 2. Using the observations of stars with known emission flux and the rotation period it was possible to relate the theoretical filling factor and the theoretical magnetic flux to the rotation period. The relations are color dependent: the slope of the filling factor-rotation period decreases from hotter to cooler stars suggesting that the Rossby number is probably a more appropriate measure of the rotation influence on activity of main-sequence stars than the rotation period.
3. The observations of chromospherically active stars with known rotation periods show that the Mg II and Ca II emission fluxes are strictly proportional to one another. The theoretical results are in a good agreement with the observational data.
